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Abstract

Amyloid protein aggregates are implicated in many neurodegenerative diseases, including Alzheimer’s disease and
the prion diseases. Therapeutics to block amyloid formation are often tested in vitro, but it is not clear how to
extrapolate from these experiments to a clinical setting, where the effective drug dose may be much lower. Here we
address this question using a theoretical kinetic model to calculate the growth rate of protein aggregates as a
function of the dose of each of three categories of drug. We find that therapeutics which block the growing ends of
amyloids are the most promising, as alternative strategies may be ineffective or even accelerate amyloid formation at
low drug concentrations. Our mathematical model can be used to identify and optimise an end-blocking drug in vitro.
Our model also suggests an alternative explanation for data previously thought to prove the existence of an entity
known as protein X. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

An infectious form of the PrP protein (PrP*)
causes transmissible spongiform encephalopathies
such as scrapie and Creutzfeldt—Jakob disease by
converting the normal form of PrP (PrP®) into
PrP%, according to the widely accepted prion
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theory [1]. Purified prion preparations contain
aggregated PrP in the conformationally altered
form of amyloid, and this amyloid or its precur-
sors may be the infectious agent [2]. Abnormal
protein aggregates, including amyloids, have also
been implicated in the pathogenesis of other neu-
rodegenerative diseases such as Alzheimer’s dis-
ease, Huntington’s disease and Parkinson’s dis-
ease.

Drugs which block amyloidogenesis are now
being identified, often using in vitro assays. It is
not clear which of these candidate drugs are most
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likely to be safe and effective in a clinical setting,
where conditions may be very different from those
in vitro. In particular, the effective drug dose may
be very low in vivo. Here we use mathematical
models to address this question by expressing the
rate of amyloid accumulation as a function of
drug dose. These models help to extrapolate from
in vitro results to predict behaviour at the low
drug doses which more closely resemble in vivo
conditions. Our models are grounded in basic
mechanistic principles of polymer kinetics, and so
they can be applied to any macroscopically linear
polymers, whether amyloid fibrils, protofibrils or
some other protein aggregate. The term ‘macro-
scopically linear abnormal protein aggregate’ is
cumbersome, so in this paper we use the word
amyloid, but our results should be taken to apply
more generally.

To formulate a suitable mathematical model,
we need a reasonable idea of the kinetic mecha-
nism of amyloid formation and propagation. For
most amyloid diseases, the nucleated polymerisa-
tion mechanism is well-accepted [3]. For the prion
diseases, there is considerable controversy over
which of the rival nucleated polymerisation and
template-assistance hypotheses is a better de-
scription of prion kinetics [4,5]. Most discussions
of their relative merits have focused on the kinet-
ics of the de novo formation of prions [5,6]. Since
sporadic prion diseases occur at a very low inci-
dence of approximately 10~°, we can assume that
the rate of de novo prion formation is negligible
in vivo. In this paper we focus on seeded or
template-assisted formation, which is clearly the
most relevant process in infectious disease. The
two rival hypotheses do not differ greatly on the
kinetic mechanism of seed or template-assisted
replication, and may under some formulations be
kinetically equivalent, as shown in Fig. 1. Our
results apply equally under the nucleated poly-
merisation and template-assistance hypotheses,
and so the words template, seed and nucleus
should be considered interchangeable in this
manuscript.

Because the infectiousness of prion diseases
makes more in vivo data available, we first con-
sider the prion replication mechanism. For prions
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Fig. 1. Kinetics of polymer elongation. According to the nu-
cleated polymerisation hypothesis, prions interact with a par-
tially unfolded form of the PrP monomer (triangle), which is
in rapid equilibrium with the normal form (circle). According
to the template assistance hypothesis, prions interact directly
with the normal PrP monomer. Under nucleated polymerisa-
tion and one possible formulation of template assistance, the
rate-limiting step in polymer elongation is the interaction of a
polymer and either the partially unfolded or the normal PrP
monomer. Under the second formulation of template assis-
tance, the polymer end acts as a form of catalyst, and confor-
mational change rather than binding may be rate-limiting.

to replicate, PrP“ must bind to the PrP% tem-
plate and be converted via a conformational
change to PrP%. If this were the only process,
then all prion growth would be a result of the
elongation of pre-existing seeds by the addition of
more PrP5 subunits to form ever-longer fibrils or
polymers. A single seed would not be able to
initiate disease, making it difficult to explain in-
fectious prion disease.

A full kinetic description of the system should
also include the rate at which new seceds are
formed. In inherited disease or in in vitro studies,
it is possible that new seeds are continuously
formed de novo. For infectious prion diseases
however, prion polymers must either catalyse the
formation of new polymers along their surface, a
process known as heterogeneous nucleation [7],
or must break along their length to form two
shorter polymers. A polymer cannot grow inde-
finitely, so some level of breakage seems likely.
Kinetic models which ignore both breakage and
heterogeneous nucleation and consider only de
novo formation and polymer elongation [2,8-10],
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predict that amyloid accumulation is slower than
exponential [4]. This is not in agreement with
data showing that prion amyloid accumulates ex-
ponentially in the brain [11,12]. Exponential
growth as a result of disassociation or breakage
into two replication-competent seeds or templates
is postulated under both the nucleated polymeri-
sation hypothesis [4,13], and under the template-
assistance hypothesis [5,13]. Exponential growth
explains why PrP amyloid is normally detectable
only in the very late stages of the incubation
period, when exceptionally large clusters of amy-
loid polymers become visible as amyloid plaques.

The exponential growth rate is clearly the most
relevant parameter for the replication of infec-
tious prions. This exponential growth rate is de-
pendent on the kinetics of the entire system of
polymers of diverse lengths, incorporating both
polymer elongation and polymer breakage. Poly-
mer elongation involves at least two steps, namely
PrP® binding to the PrP% catalyst or template,
and PrP€ conversion via a conformational change
to PrP%. The difference between template assis-
tance and nucleated polymerisation centres on
whether conformational change is rate-limiting
[6]. A rate-limiting step is normally defined in the
context of a series of sequential reactions. It is
not clear what a ‘rate-limiting’ step means in the
context of a replication cycle where the products
of one reaction eventually feed back to become
the substrates of the same reaction. The question
of whether conformational change is rate-limiting
can be posed for the process of polymer elonga-
tion, as shown in Fig. 1, but its meaning is not
clear for the overall kinetics of the system of
elongation and breakage.

New seeds may be formed either by heteroge-
neous nucleation or by breakage, and the two
systéms have very different kinetics [14]. Kinetic
models of heterogeneous nucleation predict expo-
nential growth at a rate which is highly dependent
on the monomer concentration [15]. Prion in-
cubation periods have only a mild dependence on
the PrP gene dosage [16], ruling out heteroge-
neous nucleation. A low kinetic dependence on
monomer concentration is also seen for yeast
prions in vitro [17]. In contrast, an excellent quan-
titative fit to the PrP data was found using a
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Fig. 2. Three ways to inhibit amyloidogenesis. After nuclei
form or are introduced by infection, amyloid accumulates
through a cycle of polymer elongation and polymer breakage.
Drug 1 lowers the effective monomer concentration. This can
occur via inhibiting monomer production, trafficking or pro-
cessing, or by binding to and stabilising a non-pathogenic
monomer or oligomer. Lowering the monomer concentration
inhibits de novo formation, and slows polymer elongation.
Drug 2 is similar enough to occupy a site in the ordered
polymer, but different enough to disrupt the regular structure.
This is analogous to poisoning the formation of a regular
crystal [34]. In the context of macroscopically linear polymers,
this is equivalent to blocking or capping the ends of the
polymers [26]. Drug 3 fragments polymers. Moderate levels of
breakage are necessary for rapid replication, but very high
levels will progressively break down polymers until only
monomers are left.

kinetic model of polymer elongation and break-
age in which conformational change was not
rate-limiting, and de novo formation was ignored
[18]. In this paper, we extend previous work on
this kinetic model [18,19].

In summary, prion amyloid grows from seeds
which either form de novo or are introduced by
infection. A general scheme of amyloid accumula-
tion is shown in Fig. 2. We can divide amyloid
accumulation into two kinetic stages. In the first
kinetic stage, new templates are formed de novo,
followed by polymer elongation. In the second
kinetic stage, most new amyloid seeds or tem-
plates are formed by breakage, as part of a repli-
cation cycle of polymer elongation and breakage.
De novo seed formation representing the first
stage occurs at a constant rate until the monomer
is depleted, while the rate of seed formation by
breakage increases over time in proportion to the
amount of accumulated amyloid. The first kinetic
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stage may therefore be a good description of
early events in amyloidogenesis in inherited dis-
ease or in in vitro studies, while the second ki-
netic stage becomes a better description later in
the process of amyloidogenesis.

There is no hard evidence about the time course
of the accumulation of other amyloids, such as
that of amyloid beta peptide (AB) amyloid during
Alzheimer’s disease. It is possible that the first
kinetic stage is a sufficient description of the
pathogenesis of non-transmissible diseases. We
argue, however, that some level of polymer break-
age seems likely, and that the exponential nature
of amyloid accumulation is likely to be similar for
both PrP and many other amyloids. In support of
this, seeding of AB amyloid can be seen in vivo
under some conditions [20,21].

Drugs that prevent de novo formation may
work as a prophylactic, but may not help if de
novo formation has already occurred and amyloid
is already accumulating exponentially according
to the second kinetic stage. Once amyloid replica-
tion is seeded by infectious introduction of nuclei,
as seems to be the case with transmissible prion
diseases, then therapeutics that prevent de novo
formation will have no effect. Generally, prevent-
ing or merely slowing amyloid propagation seems
more promising than preventing de novo forma-
tion. We will concentrate on therapeutics that do
exactly this, by calculating how the exponential
accumulation rate of the second kinetic stage
varies with the dose of different categories of
therapeutics.

2. Comparing therapeutic mechanisms

As shown in Fig. 2, amyloid accumulation can
be inhibited: (1) by lowering the effective
monomer concentration; (2) by blocking growing
polymer ends; or (3) by increasing the polymer
breakage rate. To investigate which strategy is
most likely to be safe and effective in a clinical
setting, we extended a mathematical model of the
second kinetic stage of amyloid replication [18,19],
as described in Appendix A.

Our mathematical model of the second kinetic
stage can be described in general terms as follows

and as shown in Fig. 3. We consider both the case
when conformational change is rate-limiting for
polymer elongation, and the case when it is not,
as shown in Fig. 1. Polymers require a minimum
number of subunits for the infectious conforma-
tion to be stable, greater than one but perhaps
quite small, but there is no arbitrary maximum
polymer size. Normal and end-blocking monomers
are produced and degraded. Without the infec-
tious introduction of polymers, both would be in
homeostasis. Polymers may grow from either end,
but can be capped at only one end. When a
polymer is introduced, one of four things may
happen. It may be degraded, it may grow by
incorporating a new monomer at its end, it may
break at any point along its length, or its end may
be capped by an end-blocking drug. Once a
polymer has been capped, it may either be de-
graded, break at any point along its length, disso-
ciate from the cap, or grow from the uncapped
end. This system leads to exponential growth, at a
rate given by Eq. (6) when conformational change
is not rate-limiting, and by one of Egs. (7)—(10)
more generally. We derive Egs. (6)-(10) in Ap-
pendix A, taking into account all the processes
mentioned above.

At high doses, a breakage drug may destroy
amyloid in vitro, and thus seem a good drug
candidate. At low doses, however, a breakage
drug may accelerate fibrillogenesis by providing a
larger number of ends to serve as sites for repli-
cation [22]. We can see mathematically that the
accumulation rates in Egs. (6) and (7) are maxi-
mal at an intermediate level of breakage b [18].
Any drug that breaks amyloids into pieces there-
fore seems a dangerous drug to try on humans,
especially since small oligomers have been shown
to be more neurotoxic [23]. This danger of varying
the dose is not merely academic: Congo red, for
example has been shown to accelerate amyloid
formation at low doses and to slow amyloid for-
mation at high doses, both in a deposition assay
[24], and in cell culture [25]. Egs. (6)-(10) all
show that end-blocking and monomer lowering
drugs are ‘safe’ in that fibrillogenesis inhibition
always increases with increasing drug dosage.

Monomer-lowering drugs reduce the exponen-
tial growth rate through their effect on the poly-
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Fig. 3. Kinetic scheme of prion replication in the presence of an end-blocking drug. In this diagram, conformational change is not
rate-limiting, but the process of polymer elongation may in fact take any of the three forms shown in Fig. 1. On the left, production
and degradation of monomers and the end-blocking drug are shown. An uncapped polymer can either grow, break, be blocked, or
be degraded. A capped polymer can either break or be degraded. In this scheme, i and j refer to polymer lengths and all other

symbols refer to the rate constants.

mer elongation rate. We show in Eq. (6) that the
amyloid growth rate depends only on approxi-
mately the square root of the monomer concen-
tration when conformational change is not rate-
limiting. When conformational change becomes
rate-limiting, there is even less dependence on
the monomer concentration, as shown in Eq. (7).
This means that monomer-lowering drugs may
need very high drug doses in order to be effective,
which might have the side effect of inhibiting the
normal function of the monomer.

In contrast, it has been suggested that low
concentrations of end-blocking drugs may be
sufficient [26]. Egs. (6) and (8)—(10) show that the
extent of inhibition by an end-blocking drug is
highly dependent not just on the effective drug
dose, but also on the breakage rate. End-blocking
drugs are less effective at high breakage rates
when end-blocking fails to keep up with the num-

bers of new ends appearing. If breakage varies
within the brain, compartments with fairly high
breakage rates will grow the fastest [18]. These
fast-growing compartments with high breakage
rates could well be the most relevant to
pathogenesis, while compartments with low
breakage rates and very long polymers may be
virtually by-products of pathogenesis. A high
breakage rate represents a worst-case scenario
for the effectiveness of an end-blocking drug. In
Fig. 4, we look at the growth rate as a function of
the end-blocking drug dosage under these worst-
case conditions of high breakage and fast growth,
and we see that a low dose of end-blocking drug
is still sufficient to inhibit amyloid accumulation.
We consider a ‘low dose’ in this context to be one
in which end-blocking events are much rarer than
polymer elongation events. Even lower doses of
an end-blocking drug than those shown in Fig. 4
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Fig. 4. Dose response curve for an end-blocking drug in vivo.
The dose of end-blocking drug is expressed as a dimensionless
ratio of the rate of end-blocking divided by the rate of
polymer elongation. The prion doubling time and growth rate
are shown as a function of the effective drug concentration. In
the absence of drug, the exponential growth rate is 0.11, the
minimum nucleation size n =6, and the basic reproductive
ratio is 1.5. The mean polymer size is 3n — 1.5, corresponding
to the high breakage rates responsible for maximal growth.
Conformational change is not rate-limiting in this example,
which is plotted according to Eq. (6). These parameters are
plausible for prion replication in vivo [18].

would be sufficient at a lower breakage rate. We
therefore conclude that an end-blocking drug is
more likely to be safe and effective in a clinical
setting than the other two categories of drug
considered.

3. Designing an end-blocking drug

An effective end-blocking drug might be very
similar to the amyloid protein, so that it binds to
polymer ends in the same way, and yet with some
subtle difference which prevents further polymer
elongation [27]. An altered form of the amyloid
protein itself should be ideal for these purposes.
Heterologous PrPC can interfere with the in vitro
conversion of homologous PrP¢ [28], lending sup-
port to this concept.

In vivo data also suggest that variant PrP can
be an effective end-blocking drug. An elegant
study on transgenic mice showed that mouse PrP¢
(MoPrP¢©) inhibits the conversion of human PrP¢
(HuPrP®) into HuPrP* in vivo [29]. MoPrP¢ is
very similar to HuPrP¢ albeit with important

differences, conforming to our proposed design of
an effective end-blocking drug. These data were
originally explained by the hypothesis that an
additional mouse protein, designated protein X, is
important for conversion. Mouse protein X is
hypothesised to bind MoPrP® with greater af-
finity than it binds HuPrP®, and so MoPrP¢
restricts the availability of protein X, inhibiting
human prion propagation in mice.

The possibility that MoPrP¢ might have a di-
rect effect on human prion propagation was re-
jected on the grounds that MoPrP® was present
at only 10-20% of the level of HuPrP€ in the
brains of the transgenic mice [29]. Since heterolo-
gous MoPrP€ is likely to have a lower affinity
than homologous HuPrP¢ for HuPrP, it was
thought unlikely that such a low level of mouse
MoPrP€ would be sufficient to effectively inhibit
replication through direct interaction with
HuPrP*. At the time of this study, this seemed
even more unlikely within the context of the
heterodimer hypothesis of the prion replication
mechanism [30], which at that time had not yet
been shown to be implausible [4]. We have shown
in this paper, however, that a very low effective
dose of an end-blocking drug can have a large
effect on replication, as illustrated in Fig. 4. This
invalidates the original objection to the hypothe-
sis that MoPrPC inhibits replication through di-
rect interaction with HuPrP¢, Without further
evidence, both the protein X and end-blocking
hypotheses can explain the transgenic mouse data,
and both should be considered.

Detailed mutagenesis studies on heterologous
inhibition in scrapie-infected neuroblastoma
(ScN2a) cells [31,32] can in general be interpreted
either as defining the protein X binding site, or as
defining the optimal sequence for effective end-
blocking. PrP with a single point mutation can
completely inhibit heterologous PrP* formation
in ScN2a cells [31,33]. This inhibition was dimin-
ished in PrP mutants containing more than one
point mutation, relative to PrP containing any
one of the point mutations [33]. This result is in
perfect agreement with our proposed design of an
end-blocking drug, which should be only subtly
different from the replicating PrP. In contrast,
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working under the protein X hypothesis, this re-
sult was considered ‘unexpected’ {33].

Peptides may make more effective end-block-
ing drugs than full-length proteins, since they are
better able to cross the blood—brain barrier, and
the possible effectiveness of peptides is supported
by data. The [URES3] prion, composed of aggre-
gated Ure2p, can be cured by fragments of Ure2p
[34]. Synthetic PrP peptides can inhibit PrP con-
version [35], and modified PrP peptides cause
partial reversion of PrP% to its normal state [36].
Peptides and modified peptides inhibit AR fibril-
logenesis [37-39]. The injection of synthetic hu-
man A, can inhibit the formation of AR amy-
loid in the PDAPP mouse model of Alzheimer’s
disease [40]. This inhibition was originally hy-
pothesised to be due to an immune response to
the injected peptide, but the possibility that syn-
thetic AB,, has sufficient subtle differences to
endogenous AR to directly inhibit amyloid forma-
tion also needs to be considered, especially since
AB,, could well have crossed the blood—brain
barrier [41]. The immune-based hypothesis could
be distinguished experimentally from the end-
blocking peptide hypothesis by looking for amy-
loid inhibition in SCID mice. Until this experi-
ment is carried out, both hypotheses can explain
the data, and both should be considered.

4, Identifying, characterising and optimising
end-blocking drugs

AP can be rapidly assembled into amyloid in
vitro. Many drugs, including peptides, inhibit this
aggregation, but how can we use this assay to
confirm whether a given drug works via the end-
blocking mechanism? This task is simplest if the
in vitro assay can be modelled by the second
kinetic stage. This can be ascertained from the
shape of the sigmoidal growth curve [14,42]. If the
assay is dominated by the first kinetic stage, then
amyloid accumulation can be detected almost im-
mediately. If the assay is dominated by the second
stage, then a very marked lag phase can be seen
during which time no amyloid is visible.

Three distinct quantities can be measured us-
ing the AP in vitro assay: the lag time until

o

o

amyloid concentration

time

Fig. 5. Schematic diagrams of the time course of amyloid
formation in the presence and absence of a drug, illustrating
three different ways that the inhibition of amyloidogenesis can
be observed. A real drug may of course combine more than
one of the three effects. (a) The final extent of fibrillogenesis
is reduced, but the time taken to reach maximum amyloid
concentration is unchanged. This indicates a thermodynamic
rather than a kinetic inhibitor. (b) The exponential accumula-
tion rate is decreased, increasing the lag time until fibril
formation. The two curves cannot be superimposed. The final
extent of fibrillogenesis is unchanged. This indicates a kinetic
rather than a thermodynamic inhibitor, (c) De novo formation
is delayed, increasing the lag time by a different mechanism.
The two curves can be superimposed. Again, the final extent
of fibrillogenesis is unchanged.

fibrillogenesis in the presence of the drug (kinetic
inhibition); the final concentration of fibrils in the
presence of the drug (thermodynamic inhibition);
and the disassembly rate of pre-existing fibrils
[38,43]. The first two quantities are illustrated in
Fig. 5.

The measurement of lag time may vary between
laboratories. It is sometimes taken as the time
between the start of the reaction and the point at
which fibrils can first be detected. This method is
obviously dependent on the sensitivity of the de-
tection method, which is a serious disadvantage.
Alternatively, a straight line is sometimes fitted
through the sigmoidal data at the point of inflec-
tion, and is extrapolated back to zero product to
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Fig. 6. The growth rate (solid line) and final extent of fibrillo-
genesis (dashed line) are shown as a function of drug dose in
vitro, The final extent of fibrillogenesis is calculated as the
equilibrium state Z in Eq. (5) with parameters: A =0; A, =0,
d=0;d,=0, a=0; k,=0; n=6; x(0)=100; x,(0)=1; B,
=1;B,=0; B, =1; and b = 0.0001. Conformational change is
not rate-limiting. Parameters are different to in vivo parame-
ters in Fig. 4. In particular, breakage is likely to be slow in
vitro. (a) End-blocking drug. The dose is expressed as a
dimensionless ratio of the rate of end-blocking divided by the
rate of polymer elongation. (b) Monomer lowering drug. The
dose represents the extent of the reduction either in the
monomer concentration x or more generally in the polymer
elongation rate (B, + B8,)x. (c) Breakage drug. The dose rep-
resents the breakage rate b.

calculate the lag time. This method is more con-
sistent, but relies on having high quality data.
Another method involves measuring the time
needed to generate a certain proportion of the
final product such as one half or one tenth. How-
ever it is measured, the lag time of an unseeded
reaction will include contributions from de novo
formation. The lag time of a seeded reaction can
be used to calculate the exponential growth rate

of the second kinetic stage alone, ruling out all de
novo formation effects. For this to work, the
initial quantity of seed must be many orders of
magnitude less than the final quantity of fibrils
formed. One way of achieving this might be by
seeding a reaction with the last remnants of a
dissociation reaction [44]. Once the growth rate is
measured, we can distinguish between drug mech-
anisms by examining how the growth rate and
final extent of fibrillogenesis vary with drug dosage
in vitro, as shown in Fig. 6.

The disassembly rate of pre-existing fibrils is
obviously important if therapeutics are to be ef-
fective in reversing rather than merely arresting
the later stages of disease. If polymer elongation
is completely blocked by an end-blocking or
monomer-lowering drug, then the continuing
process of breakage should lead to the gradual
disappearance of polymers. This has been
observed experimentally in a conditional model of
Huntington’s disease, where switching off the ex-
pression of mutant huntingtin does not merely
halt, but actually reverses the course of the dis-
ease [45]. In vitro, much lower levels of breakage
may occur, and so disassembly will be very slow,
especially if the sample is not rotated or stirred.
Partial reversal has, however, been seen using
PrP peptides in vitro [36]. In contrast, breakage
drugs should lead to rapid disassembly.

For further analysis, a very different kinetic
assay can be used to measure the deposition rate
of radiolabelled AR peptides in the absence of de
novo formation or breakage [24]. This can be
modelled using Eq. (5) as a perturbation of equi-
librium by the addition of monomer x and/or
end-blocking drug x, with breakage rate b = 0.

Low doses of end-blocking drugs will only be
sufficient if binding is highly specific to the fibril
ends. When binding can be measured separately
from fibrillogenesis, the amount of drug bound
should be proportional to the number of po-
lymers, rather than to the amount of polymerised
protein. Sonication should increase the number
of binding sites for an end-blocking drug. For
polymers at equilibrium, the number of polymers,
and thus the number of binding sites, should be
proportional to the square root of the amount of
polymerised protein [46]. This relationship is
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observed for labelled PrP in in vitro conversion
experiments [46,47]. TDOX was found to bind
with high affinity to one site for every 415
molecules of insulin amyloid, but it was not ascer-
tained whether the number of sites remained
constant after sonication or other manipulations
[48]. This in vitro analysis can be used to compare
variants of a known end-blocking drug in order to
optimise its specificity and effectiveness.
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Appendix A: Mathematical model

Assume for now that polymers can grow from
both ends, but are capped only at one end. This
kinetic scheme is illustrated in Fig. 3. Let x be
the abundance of monomers and x, be the abun-
dance of free end-blocking drug or cap. Let y; be
the abundance of polymers containing i subunits,
and let y,; be the abundance of polymers con-
taining i subunits, plus a cap on one end. The
total abundance of uncapped polymers summed
over all sizes is y =21y, and the abundance of
capped polymers is y, =Xy, . The total abun-
dance of subunits incorporated into polymers is
z=2Xiy; + Xiy,;. Monomers and caps are pro-
duced at rates A and A, and are degraded at
rates d and d,. Polymers are degraded at rate a.
A polymer of size i breaks at rate b at each of
the i'— 1 joins along its length. Polymers below a
critical size n are unstable and disintegrate rapidly
into monomers, i.e. polymers y; and y,; with
i <n formed by the breakage of larger polymers
convert instantaneously into monomers.

The rate of polymer elongation will be limited
by the number concentration of polymers y, which
will initially be very low. Assume for now that
conformational change is not rate-limiting. The
rate~-determining step is instead the frequency of

encounters between the polymers and the par-
tially unfolded monomers (under the nucleated
polymerisation hypothesis) or PrP¢ monomers
(under the template-assistance hypothesis), as
shown in Fig. 1. In this case, monomers are added
to uncapped ends one and two at rates ;xy and
B,x(y +y,) respectively. Caps are added to end
one at rate f3,x,y. Caps dissociate from the ends
of polymers at rate k. The addition of monomers
to the ends of polymers was considered irre-
versible. This assumption is justified when the
monomer concentration is substantially larger
than the critical concentration. If dissociation of
monomers is considered, the equations will not,
unfortunately, close by summation.

The change in the free monomer concentration
is given by the monomer production rate, less the
monomer degradation rate, less the polymer elon-
gation rate, plus a term representing the release
of monomers following breakage near a polymer
end, so we have

dx

E=)\“dx_([31+52)x)’_32x}’b
n—1 e
i=1 j=i+1

The change in the free cap concentration is
given by the cap production rate, less the cap
degradation rate, less the capping rate, plus the
cap dissociation rate, plus a term representing the
release of caps following breakage near a capped
polymer end, so we have

dx
‘d—tb =\, —dpXy, — BpXpy +kp Yy
n—1 %
+b ) Z Yb.,j 2)
i=1 j=i+1

The change in the concentration of uncapped
polymers of length i is given by the elongation
rate of uncapped polymers of length i —1, less
the elongation rate of uncapped polymers of
length i, less the capping rate of polymers of
length i, plus the cap dissociation rate from po-
lymers of length i, less the degradation rate of
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uncapped polymers of length i, less the breakage
rate of uncapped polymers of length i, plus the
breakage rate of larger polymers to form un-
capped polymers of length i, so we have

dy,
qGr = By +Bx(y;, 1 —y) — Bpxyy,
+kyyy; —ay; —b(i =Dy,
+b ), Qy;+y,;) for izn
j=i+1l
y;=0 for i<n 3)

The change in the concentration of capped
polymers of length i is given by the capping rate
of polymers of length i, plus the elongation rate
of capped polymers of length i — 1, less the elon-
gation rate of capped polymers of length i, less
the cap dissociation rate, less the degradation
rate of capped polymers of length i, less the
breakage rate of capped polymers of length i,
plus the breakage rate of larger capped polymers
to form capped polymers of length i, so we have

dyy;
d;’ =Boxpyi +Bax(Yp o1 = Yp)

—kyyy,; — ayy; —b(i— Dy,
+b Y Yy, forizn
j=i+1
Yy, =0 for i<n “@
Egs. (1)-(4) can be closed by summation to
give
X=N—dx— (B + By~ B0,
+bn(n—1D(y+y,)
Xp =Ny —dpxy, = ByXyy +kpy, +b(n— Dy,
y= —Bpxpy T Kpy, —ay + bz
~@2n —1Dby — bny,
Yo =BoXpy —kyyy, —ay, —b(n— Dy,

2=(B, + By + By, —az—bn(n—1D(y +y,)
(5)

Assume that x and x, are initially in a steady
state. The system of y, y, and z is now linear,
and will either accumulate or decay exponentially
at the same rate according to the dominant eigen-
value of the Jacobian matrix until x or x, be-
come limiting. The dominant eigenvalue, and
hence the exponential growth rate r, was solved
using Maple V, and when &k, =0 and B, =0, it is
given by

r= —a—b(n-l)—Bb—x;ﬂ
2
+\/(M;—+—b) +B,xb (6)

The dose of an end-blocking drug is repre-
sented by the parameter x,, the dose of a
monomer lowering drug is represented as a de-
crease in the monomer concentration x or the
polymer elongation rate B,;x and the dose of a
breakage drug is represented as an increase in
the breakage rate b.

If the conditions k£, =0 or (3, =0 are relaxed,
then the expression for the eigenvalue is no longer
very transparent. Some insight can be gained by
considering the case when conformational change
is rate-limiting for polymer elongation, following
the second formulation of template assistance
shown in Fig. 1, and keeping the conditions k£, =0
and B, = 0. In this case, we can treat the polymer
end as an enzyme obeying the Michaelis—Menten
equation [49]. Let k., and k_ be the association
and dissociation rates of unconverted monomers
at the ends of the polymers, and let y be the rate
of conformational conversion. Following the
Briggs—Haldane treatment, we assume that the
proportion of polymers with unconverted
monomers at the polymer ends reaches a steady
state. Then in the absence of end-blocking, poly-
mer elongation occurs at rate vk, xy/(k x +k_
+ +), and exponential growth has the rate

b? yxb
)+ _4_+x+(x

1
r= —a—b(n—7
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o= r @)

The degree to which conformational change is
rate-limiting is given by the ratio «/x. If this ratio
is large, then conformational change is not rate-
limiting, and Eq. (6) can be used with B, =v/a.
If the ratio a/x is very small, then conformatio-
nal change is completely rate-limiting, and the
exponential growth rate is independent of the
monomer concentration. This case is not in
agreement with in vivo data on the dependence of
incubation period on the PrP gene dosage. Some
intermediate level of monomer dependence is
possible when o/x is approximately 1. In these
cases the monomer dependence is reduced, and
so the monomer lowering drug strategy is even
less likely to work at low drug concentrations.

There are three possibilities for the action of
the end-blocking drug. If the cap binds at the
same rate to polymers both with and without
unconverted monomers at the end, then we can
make a simple substitution into Eq. (6) to obtain
the equation

+b
r=_a_b(n_1)_p’bx_5_
x, +b\? b

+\/(Bb 5 ) +xyj_ca (8)

This is equivalent to Eq. (6) with B, =v/(x +
a). If the cap will only bind to polymer ends that
do not have an unconverted monomer bound, i.e.
competitive inhibition, then we can derive the
exponential growth rate

— —a—pn— L[ Poxek- _
r=-—a-bn 2(k+(x+a) b

1
7

Similarly, if the cap will only bind to polymer

BoXok_ b)2 yxb 9)

k,(x+a) xta

ends that have an unconverted monomer bound,
then we get the exponential growth rate

_ _ 1(Byxpx
r=-—a bn_f(x+a —b)
1(Borpx _\' yxb
+‘/Z(X+ot _b) t Y ta (10)

When conformational change is partly rate-
limiting, the effectiveness of the end-blocking drug
strategy will depend on the particular drug mech-
anism. A specific end-blocking drug can be char-
acterised in vitro by varying both the end-block-
ing drug concentration and the monomer concen-
tration, and by comparing the results with predic-
tions made by Egs. (6)—(10).
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